We present a concise method to construct a BRST invariant action for the topological quantum field theories in the Batalin-Vilkovisky antifield formalism.
Introduction
It is well known that the BRST algebra plays an important role not only in ordinary gauge theories but also in topological quantum field theories (TQFT) [1] [2] [3] [4] . The only observables in TQFT are topological invariants characterized by the BRST cohomologies, and it is a primary task to construct the BRST transformations and the BRST invariant actions in these theories. There is a useful algorism presented by Batalin-Vilkovisky (BV) to construct a BRST invariant gauge fixed action in a covariant manner [5] . Although the BV antifield-antibracket formalism is a well constructed algorism, it is not an easy task to solve the BV master equation in a direct way especially for highly reducible theories. It is known, however, that algebraic methods can save one's labors to obtain the BRST algebra for some kinds of TQFT. The method of extended differential calculus on the universal bundle [6] [7] serves as a basis in the case of topological Yang-Mills (TYM) theory and is applied to the case of BF theories [11] .
In this paper, we present a concise method to construct a BRST invariant BV action for TQFT based on an advanced idea along these lines [12] . The BV action that is a solution for the master equation is directly obtained by means of the extended differential forms that involves all the required ghosts and antifields.
Though the BRST algebra is also derived from a simple condition, the BV action itself can be obtained without referring to a concrete form of the algebra.
The plan of this paper is as follows. The next section, §2, deals with an antifield-BRST construction of non-abelian BF theory in 4-dimensions by means of our extended form method. §3 makes an indication of connection between our method and the odd time canonical formulation of the BV formalism. In §4, the BV action for BF theories in arbitrary dimensions is constructed. §5 treats an application to the Chern-Simons theory. In §6, an extension of the BF theory in 4-dimensions to include a "cosmological term" is examined and its close connection with a topological Yang-Mills theory is indicated. The final section, §7, is for a conclusion.
BF theory in 4-dimensions
Let us begin with the BV-BRST construction for the 4-dimensional non-abelian BF system as a simple but non-trivial example suitable for our method. The BF system [9, 10] is considered as a sort of TQFT which bears a resemblance to the Chern-Simons theory, whose classical action is
in the differential forms. The fundamental fields in the action above are Lie algebra valued 1-form A and 2-form B, (where
is the curvature 2-form of connection A), therefore the field equations derived from the action are
which requires flat connections as the Chern-Simons theory.
The action (2.1) is invariant under the transformation
as well as the ordinary Yang-Mills gauge transformation
where ε and ω are 1-form and 0-form respectively. The former of these symmetries is on-shell reducible, which means that it is reduced to δ ε B = [F, λ] for ε = Dλ and vanishes on-shell.
The first stage reducibility of the ε-symmetry requires us to introduce not only ghost but also ghost-for-ghost (which we will denote as ψ and φ respectively) when applying the BV algorism. It is a matter of course that the ω-symmetry requires a ghost c as usual.
We will follow the convention that a p-form with ghost number q is called (p, q)-form, therefore we will often attach a subscript to the form indicating these degrees as Φ (p,q) when necessary. For example, we denote the sequence of ghosts descended from B = B (2,0) as ψ = ψ (1, 1) and φ (0,2) .
An algebraic method to obtain a BRST transformations for this system has been presented in ref. [11] , that is a sort of extension of the algebraic derivation in topological Yang-Mills theory. We will present a new derivation which is a modified and extended version of this algebraic method. The basic idea of these methods is an extension of the exterior derivative to a sum of the usual exterior derivative d and the BRST operator s ,
According to this extension, the differential form of type (p, q) should be thought as an extended form of total degree p + q.
The first attempt in ref. [11] is to define the extended forms A and B as
on counting the degrees of the ghosts descended from B. However, the first candidate for BRST algebra obtained from the horizontality conditions
fails to be nilpotent. Therefore, an improved method is presented in ref. [11] , which is to include the BV antifields into the extended 1-form A as
instead of (2.6a), where B * , ψ * and φ * are the BV antifields for B, ψ and φ respectively. It should be noticed that the BV antifield for (p, q)-form in D-dimensional spacetime are defined as a (D − p, −1 − q)-form:
This time, conditions
proposed by them lead to nilpotent BRST transformations and they construct a BRST invariant BV action so as to derive the transformations by this BV action considering it as a generator. What we call BV action is a solution for the master equation which contains antifields and is still to be gauge fixed by introducing a gauge fermion together with antighosts and multipliers.
Although their method seems to work well, there is a scope for improvement to settle some unsatisfactory aspects. We note that there is a restriction on ghost number (q ≥ 1) in the expansion of the condition (2.10b) to produce BRST transformations and that the BV action is only determined by referring them because of lack of direct construction using the extended forms.
We present a more improved method to settle these issues by means of full extension of the forms. We define extended forms A and B as
where c is the ordinary ghost for Yang-Mills gauge and the anti-fields A * and c * for A and c are also included. It should be remarked that this is a full extension in 4 dimensions and that A and B can be regarded as antifields of each other, which is a key observation in our construction.
Our proposal for conditions to derive the BRST transformations are simply
without any restriction on the expansion in ghost number. These conditions take the same form as the field equations (2.2a,b) from the classical action. The expansion in ghost number of these conditions (2.12a,b) produces
which is a total BRST algebra involving the BV antifields and is off-shell nilpotent.
It is a distinctive advantage in our method that a BRST invariant BV action is obtained quit easily as follows. We present a BV antifield action
by means of the extended forms, which turns out to be equivalent to occur, it is due to a difference of conventions, that is to say, the BRST operator in the BV formalism is defined as a operation from the right, while our operation is from the left.
Odd canonical formalism and BV action
Let us inquire into the meaning of our BV action (2.14) and the relation to the BRST conditions (2.12a,b). One may consider an action
which is extended from the invariant BF action (2.1) by substituting the extended forms A and B for A and B. It is obvious that the conditions (2.12a,b) deriving the BRST algebra are nothing but formal field equations from this extended action.
Though the extended action itself is not our object, our BV action seems to be something like a Legendre transform of it. Here we imply the Legendre transform of s A to A * = B, which is an analogy of translation from a Lagrangian to a Hamiltonian provided that s A pretends to be a time derivative of A, though it is an odd time. To say things more clear, if we define odd "canonical momenta" π A and π B of A and B as
L , then it follows that "Hamiltonian" H is defined by
3)
The BV action presented in the previous section is nothing but this "Hamiltonian", provided that its total sign is changed and it is integrated on the manifold, that is,
The odd time canonical formulation of the BV formalism can be found in ref.
[13]. The BV antifield Φ * plays a role of canonical momentum of the field Φ and the antibracket acts as an odd Poisson bracket in this odd canonical formalism. give some indication for solving the master equation, and beside there is hardly any concrete discussion about the "Lagrangian" and its role except for the assumption that it exists. One may see that the point which have been missed is the extended Lagrangian and that the "Hamiltonian" obtained from it is nothing but a BV action that is provided as a solution for the master equation. There seems to be a close connection between our method and the odd time formulation, which we will discuss in detail elsewhere.
BF theory in arbitrary dimensions
It is straightforward to generalize our construction for the BF theory to the model in arbitrary dimensions. The invariant action for the BF theory in Ddimensional spacetime has the same form as the previous one,
provided that B n is a n-form in this case, where we assume
There is a symmetry with (n − 1)-form ε n−1
which is reducible when ε n−1 = Dλ n−2 . This reducible symmetry requires a sequence of ghosts descended from B n = B (n,0) : and the BV action is of the same form as the previous one
in terms of the extended forms. Expansion of the conditions (4.5a,b) in the ghost number derives the BRST transformations
The BRST invariant BV action that involves the antifields is obtained by the explicit calculation of the action (4.6), It happens at this stage that the BRST transformation may be nilpotent only onshell, when the BV action contains quadratic or higher order terms in the antifields, because the BRST transformation after gauge fixing is defined by
It appears that the models we are dealing up to now, namely, the non-abelian BF theories in 4 and higher dimensions suffer from such a defect. The BRST algebra after gauge fixing is on-shell nilpotent, because the BV action (4.8) contains quadratic terms in the antifields B * . As a consequence, the gauge fixed BRST operator δ BRST is on-shell nilpotent and requires the B field equations to be satisfied when it acts on them. Although one may think that the elimination of B fields by substituting their equations possibly cures the situation, it seems in fact difficult to accomplish such a procedure in this case.
Though it is of course a significant issue to be settled, we will not pursue the problem any more in this paper, because it is a little way off our main theme.
Chern-Simons theory
Our method of extended forms can be applicable to some other theories as far as TQFT are concerned. Let us consider how it works in case of the Chern-Simons theory in 3-dimensions whose action is the form of 
whose formal field equation
derives the BRST transformations
when it is expanded in ghost number.
According to the procedure described in §3, we define an odd "momentum" π
and a "Hamiltonian" H by
The BRST invariant BV action is nothing but this "Hamiltonian", provided that its sign is changed and it is integrated on the manifold,
The explicit calculation in its components would show us that the action has the form of
6. BF theory with "cosmological term" and topological Yang-Mills theory There is considered a kind of extension of the 4-dimensional BF theory to include a term similar to the cosmological term [9] , whose action is given by
with a constant Λ resembling the cosmological constant.
The theory described by the above action (which we will call BF Λ theory) is also topological and has a symmetry
besides the ordinary Yang-Mills symmetry. The symmetry (6.2) allows us to transform the connection A to an arbitrary form and makes the theory topological. As a matter of fact, the BF Λ action (6.1) is equivalent to the underlying action of topological Yang-Mills (TYM) theory, and the extended action 6.6) in the same way as the BF theory in §2. The formal field equations
of this action are conditions that produces BRST algebra as follows.
(6.8b)
It is easy to see that the BRST above does not differ from that of topological Yang-Mills theory, when we eliminate B and B * provided Λ = 1.
The BV action with antifields is obtained in the same way as before. We define the odd "canonical momenta π A and π B for A and B by (6.9a, b) and define the "Hamiltonian" H by 10) then the BV action is given by
in the extended forms, which turns out to be to that of the TYM theory, provided Λ = 1. In this way, the requirement for the off-shell nilpotent BRST algebra in the BF Λ theory renders the theory equivalent to the TYM theory. As a matter of fact, if we start from the action
Tr (F ∧ F ) (6.14)
and apply our extended form method to it, then the resulting BV action is the same form as that of the BF Λ theory (in case of Λ = 1) provided that the odd momentum π A does actually have the same form as B in its components.
Though the BF Λ theory is almost equivalent to the TYM theory when Λ = 0, in the Λ → 0 limit it becomes the usual BF theory which is akin to the ChernSimons theory. It is said that the TQFT are classified into two types of theories, one of which is the Witten type TQFT (e.g. TYM theory) and the other is the Schwartz type TQFT (e.g. Chern-Simons theory or BF theory) [4] . The Witten type is often called "cohomological", whose classical action is a topological index or simply zero and quantum action is just a BRST commutator. The Schwartz type is often called "quantum", whose classical action is nontrivial and a quantum action is not merely a BRST commutator. It is interesting that the BF Λ theory may possibly incorporate the different kinds of TQFT as limiting cases. We will discuss these features in detail elsewhere.
Conclusion
We have proposed an extended differential calculus to construct BV antifield actions for the TQFT. Though our method is constructed on the basis similar to the universal bundle method in the TYM theory, it is rather extended so as to include all the required ghosts and the BV antifields. The extended r-form is defined by
where the sum is taken over the forms of degree p = 0 to D, (that is, the dimensionality of the manifold), which allows the ghost number q to be negative and consequently the BV antifields are included as well as the ghosts. It is quite easy to obtain not only the conditions that derive the BRST algebra but also the BRST invariant BV action itself owing to the fully extended forms.
The method we have proposed in this paper may be summarized into the steps as follows, which is something like a procedure in the canonical formalism, provided that s pretends to behave an odd time derivative. The first step is to obtain an extended action by substituting the forms with the extended ones:
2)
The second step is the "Legendre transform" from the extended Lagrangian to the "Hamiltonian" by defining the odd "canonical momentum":
At the final step, we change the sign of this "Hamiltonian" and integrate it on the manifold, which is nothing but the BV antifield action that is a minimal solution for the master equation:
The conditions that derive the BRST algebra are the equation of motion from the extended action, which is equivalent to the odd time evolution equations brought by this "Hamiltonian".
Although it is not yet clear whether it is applicable to the non-topological theories or not, it seems that our method can be applied to other TQFT as far as they are written down by means of the differential forms without referring the metric. A detailed investigation on general structure of these method will be necessary.
